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Abstract : The anomalous dimension of single and multi-trace composite 
operators of scalar fields is shown to vanish at all orders of the perturbative 
series. The proof hold for theories with M = 2 supersymmetry with any 
number of hypermultiplets in a generic representation of the gauge group. It 
then applies to the finite M = 4 theory as well as to non conformal TV = 2 
models. 
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1 Introduction 



It has been known for a long time that quantum field theories with extended 
supersymmetry display a set of remarkable nonrenormalization properties. 
The /^-function of the gauge coupling was argued to vanish to all orders of 
perturbation theory for the Af = 4 Super Yang-Mills theory (SYM) |jj and 
to receive only one-loop corrections for the M = 2 case @. The conjectured 
AdS / CFT correspondence |§ has renewed the interest on the finiteness prop- 
erties of these theories; in fact, many of the tests of the correspondence have 
relied on nonrenormalization properties, which are crucial in order to ensure 
a meaningful comparison between the strong coupling regime, accessible by 
type IIB supergravity computations, and the weak coupling one, where the 
usual field theory techniques are reliable. 

In particular, the prototype example of the correspondence establish a 
duality between type IIB superstring on AdS§ x S 5 and Af = 4 SYM in 
the superconformal phase. In this context, it has been shown that chiral 
gauge invariant operators belonging to short multiplets of the superconformal 
group S77(2,2|4) have vanishing anomalous dimensions [|J. The analysis 
of correlation functions of Chiral Primary Operators (CPO), which are the 
lowest scalar components of such short superconformal multiplets, provided a 
highly nontrivial check for the AdS/CFT correspondence || ]7|]. Moreover, 
it recently led to discover new double-trace operators which are protected 
despite they do not obey any of the known shortening conditions || |j . 

We remark that the nonrenormalization properties of some CPO's does not 
necessarily rely on superconformal algebra, and it can actually be shown also 
for theories with less number of supersymmetries. This is indeed the case for 
the gauge-invariant operator Tr0 2 , where in the Af = 2 formalism corre- 
sponds to the complex scalar field of the vector multiplet. The anomalous 
dimension of this operator has been shown to vanish to all orders of the per- 
turbative series in pure Af = 2 SYM pi; this allowed to provide a rigorous 



proof of the celebrated nonrenormalization theorems for the beta functions 
of Af = 2 and Af = 4 theories pi ITTl. 



In this work we extend the analysis of |10| to higher rank gauge-invariant 
polynomials of the scalar field <p and 0, including both single and multi-trace 
operators. It is worth to underline that our proof holds for Af = 2 theories 
with any number of hypermultiplets in a generic representation of the gauge 
group. It then applies to the finite Af = 4 theory as well as to nonconformal 
models, which are at present object of intensive research in extensions of 
the AdS / CFT duality to phenomenologically more interesting gauge theories 
with a nontrivial renormalization group flow |T2|, |TJ . 



A geometrical interpretation of such nonrenormalization properties can be 
given by resorting to the topologically twisted formulation of the A" = 2 
theory. In fact, in this context, the operators we consider can be written as 



2 



components of the Chern classes of the universal bundle defined in . 

This work is organized as follows. In Section 2 we sketch the basic features 
of the twisting procedure. In Section 3 we give the proof of finiteness of the 
operators Tr <p k , k > 2 (single-traced) and ILTr <ft kt , Hiki = k (multi-traced). 
Our conclusions are drawn in Section 4, while we confined into appendices the 
unavoidable technicalities of our proofs and the explicit examples k — 2, 3, 4. 



2 The Twist 



It is well known that M = 2 SYM theory can be given a "twisted" formula- 
tion [13], which on flat manifolds is completely equivalent to the conventional 
one. Nonetheless, the use of the twisted variables makes more evident and 
easily understandable some important features, like the topological nature of 



a subset of observables |14[] and the nonrenormalization theorem concerning 
the beta function of the gauge coupling constant fl0| . In view of these ad- 
vantages, we choose to work in the twisted version of Af = 2 SYM theory. 
We address the interested reader to the existing literature |14|, for what 
concerns the many and deep aspects of the twisting procedure. In this Sec- 
tion, we prefer rather to set up the field theoretical background in which we 
shall work. 

The usual Af = 2 supercharges (<2^, Qj a ) are characterized by an index 
i = 1,2, which counts the number of supersymmetries, and a Weyl spinor 
index a, which runs on the same values as i : a = 1, 2. At the origin of the 
twist, is Witten's idea of identifying the indices 



i = a . 



(2.1) 



The resulting twisted supercharges QP a and Q a a can then be rearranged, with 
usual conventions [T7[] , into a scalar 5, a vector 5^ and a selfdual tensor 5^ : 



1 

i 



5 = — e^Q al3 



5, EE ^Qad^Y 



1 



J fJ,U 



(3a ■ 



(2.2) 
(2.3) 
(2.4) 



The Af = 2 supersymmetry algebra, written for the twisted supercharges, 
contains a subalgebra, formed by 5, 5^ v and by the translations : 



5 2 







(2.5) 
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We call the subalgebra ( |2.5| ) "topological", since it appears to be common 
to all known topological field theories fli"8"l , both of the Witten and Schwartz 
type fll9| . The three twisted supercharges 5^ u turn out to be redundant, 
since they do not play any role either in the classical definition or in the 
quantum extension of the theory [|TJ|]. For this reason, we shall discard them 
throughout the rest of our reasoning. 

Analogously to supercharges, the fields of the Af = 2 gauge multiplet 
(Ap, ip l a , ip & , <fi, (ft), which belong to the adjoint representation of the gauge 
group G, twist to 

(A^ip^XuviVAA) , (2-6) 

where 



7/ 

X/J.V 



= (cr 



) aa ib 

a/3 



(2.7) 



are the anticommuting fields resulting from the twist of the spinor fields 
(Va)V'di) (^ap^aa)- Notice that the scalar fields (0,0) and the gauge 
boson are not altered by the twisting operation. 

The M = 2 SYM pure gauge action twists to the TYM action 



(2.8) 



which, in the AD flat euclidean spacetime reads |TH] 



TYM 



Tr l d x 



2 



+ (2.9) 



where F+ u 



F + -F 



= F+ - 1 

+ fw(W 7 -£ CT ^ p )- 



f F +pu and 



The symmetries of the action fl2.9|) are the usual gauge invariance 



^ gauge Stym 







(2.10) 



and the relevant twisted supersymmetries 

SStym = S^Stym 







f2.ir 



It is apparent from ( |2.7|) , that the AD flat euclidean twist simply corresponds 
to a linear change of variables, therefore it is not felt by the partition function 



Z 



J Vip e 



s[v>] 



(2.12) 
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Moreover, the stress-energy tensor of the theory is modified by the twist only 



by a total derivative term which do not affect the translation generators [16|. 
This observation underlies the equivalence of the two, twist-related, theories 
TV = 2 SYM and TYM when formulated on flat manifolds. The theory has 
been extended to the quantum level both in its untwisted |2U| and twisted |T5| ] 
formulation. Moreover, in |l(J has been demonstrated that a renormalization 
scheme does exist, in which the /3-function of the gauge coupling constant g 
receives one loop contributions only. 



3 Protected Gauge Invariant Operators 

Let us analyze the class of composite operators of the type Tr k > 2 and 
IljTr <p ki , Ej&j = k. The aim of this Section is to show that these operators 
are protected, in the sense that are perturbatively finite, or, equivalently 
stated, they have vanishing anomalous dimensions. 

In order to prove this statement, let us consider the operator Q defined as 

Q = s + u5, (3.1) 

where s is the nilpotent BRS operator, 5 is the twisted scalar super- 
charge (|2.2p , and u is a global commuting ghost. 

The operator Q describes an invariance of the action Stym 

QStym = , (3.2) 

and it is nilpotent 

Q 2 = , (3.3) 

since s 2 = 5 2 = {s, 5} = 0. 

For our purposes, the Q-variations of the scalar field and of the Faddeev- 
Popov ghost c are sufficient 

Q(f) a = f abc c b (f) c 

Qc a = ^f abc c b c c - u 2 (f) a , (3.4) 

where the index a = 1, . . . , dim G counts the adjoint representation matrices 
of the gauge group G, and f abc are the structure constants of the correspond- 
ing Lie algebra. 

The operators Tr <p k and IljTr <p ki , T*iki = k are the observables of TYM 
(hence M = 2 SYM) theory [14], [15| ; we can write them as 

D ai - ak (f) ai ..(l) ak , (3.5) 

where the D ai Mk are completely symmetric invariant tensors of rank k 
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k = 2 D aia2 = 5 aia2 ; 



In particular, the k = 2 operator Tr </> 2 can be thought to as a kind of 
prepotential of the theory, since the whole action can be written as 



2 ' 



(3.6) 



where this relation holds modulo BRS trivial cocycles. The equation ( |3.6| ) 
reflects the fact that Tr 2 contains all the physical information of the theory, 
as it constitutes its inner bulk (for a detailed discussion of this point, see [T5|. 

Hol). 



A crucial point is that, in the space of local field polynomials which are not 
necessarily analytic in the constant parameter u, the operators (|3.5| ) can be 
written as Q-variations, i.e. in this space the cohomology of Q is empty. 
We stress that quantum field theory rules require that the 1PI generating 
functional T must be an analytic function in u as well as in any other pa- 
rameter of the theory, whereas this condition can obviously be relaxed for 
quantum insertions, like for instance (|3.5| ), which can be rendered analytic 
by a multiplication for a suitable power of uj, as we shall see. 

The following result holds (see proof in Appendix A ) 



D 



iJtk 



+ ... + /Sc ai a2 ..0^ 



(3.7) 



Q 



or, in shorthand notation, 



D ai..a k S^ fi 
p=0 



W c oi sc a3.. sc a*- 1 p0O*-P+i. 



$W(0) = QV {k \c,. 



The coefficients are given by 



(-l) fc - p (ife-l)!A;! 



<p < k- 1 



w 2(*-p) p \(2k-p - 1)! 
and sc a is the ordinary BRS variation of the Faddeev-Popov ghost c 

1 



sc 



Qc a \ 



-f abc c b c c . 



(3.8) 



(3.9) 



(3.10) 



Notice that the coefficient of the last term on the r.h.s. of (|3.7| ) is universal 



f (fc) 1 

h-i- w2 



(3.n; 
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It is worth to remark that the operators (|3.5|) we are considering have an 



interesting geometrical interpretation [23]. Let us consider for the moment 



k = 2; by redefining the scalar field as — > uo 0, ( |3.8| ) can be written as 

Tr 2 = QTr (cQc - -ccc) . (3.12) 



If we define the universal connection A = A + c, ( [3.12D can be seen as the 
(p = 0, q = 4) component of the equation 



Tr (FF) = eU. 



cs 



2 

dTr (idi - -AAA) , (3.13) 



^ 3 

where by (p, q) we indicate the grading of the forms with respect to the ex- 
tended exterior derivative d = d + Q, p being the space-time form degree and 
q the ghost number. Thus V^(c,(p) can be understood as the (0,3) com- 
ponent of the Chern-Simons form Acs of the universal connection A, while 
as the (0, 2) component of the corresponding curvature F. Analogously, 
higher rank single-trace operators ( |3.5| ) can be expressed in terms of (0, k) 
components of higher Chern classes Tr F h , while multi-trace operators are 
products of Chern classes. 

We now come to the proof of finiteness; what is actually important in this 
sense is that operators ( |3.5| ) can be expressed as the Q-variations of poly- 
nomials in the fields and c, and, in particular, that they are related to 
D ai " ak c ai sc a2 ..sc ak (the first term on the r.h.s. of fl3.7|) , which belongs to 
the cohomology of the ordinary BRS operator, and is known to be finite to 
all orders of perturbation theory pi ]. It is then natural to expect that the 



nonrenormalization property of the BRS invariant odd polynomials in the 
ghost c translates to ( |3.5| ) as well. As we shall see, this is indeed the case. 

Let us consider now the classical action 

£ = Stym + Sgf + S ext + Sk ■ (3-14) 

Stym is the twisted Af = 2 SYM action ( |2.9|) , S g f is the (Landau) gauge 
fixed term 

S gf = QTr J d^cd^Af, , (3.15) 

c being the Faddeev-Popov antighost. According to the usual BRS procedure 
to implement at the quantum level classical field theories, in S ext the nonlin- 
ear Q- variations of the fields ip are coupled to external fields if*, sometimes 
called "antifields" 

S ext = Y J TT d 4 xip*Qip , <f = A^Xnu, i>n,V,4>, 0,c , (3.16) 
<p J 

and finally Sk is given by 

„ / 2k-2 \ 

S k = u 2k jd A x lad^W + a^iPW+^a^^.-a^Wj , (3.17) 
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In the above expression for the a's are external sources coupled 
to & k \(fi), V^ k \c,(p) (defined by ( ft.8|) ), and its derivatives with respect to 
the ghost c (d a = g^sO- They are antisymmetric in their color indices a's, 
and are commuting or anticommuting objects depending from the number of 
ghosts c contained in the composite operators they are coupled to. Such a 
number is represented by the lower indices, hence their statistics is given by 
(— l) 2k ~ p . Notice that, thanks to the overall multiplying factor u 2k , the func- 
tional Sk is, as it should for being part of the action, an analytic expression 
in uj. 

The whole action E satisfies the Slavnov-Taylor (ST) identity 

S(T) = S oW (£) + S (k) Z = , (3.18) 
where the usual ST operator 

s -( E) =x>/^gfU s f) («.) 

has been implemented to the a-sector as follows (see Appendix) 



C(*0v f ^ J V^ 3 ^*^ ;mtiOp-i„ mM i" a p-2 ^ 

S ( >h = / <Tx \ «2fc-lT— + }^ o J a 2k-p-l x ai..a 

J y ba p=2 2 " da 2k _ p 

(3.20) 

Notice that the a-sources, transforming one into the other, enter the ST 
identity (|3.18 ) as BRS doublets, which have the nice property of keeping 



unaltered the cohomology of the (linearized) ST operator. 

For the proof of finiteness, it is crucial that an additional constraint on the 



theory is satisfied : the ghost equation, peculiar of the Landau gauge |22 
Its main consequence is a nonrenormalization theorem, which states that, 
in the Landau gauge, the ghost field c enters the quantum theory only if 
differentiated (c^c). It is precisely for the purpose of being able to take 
advantage of this additional symmetry of the theory, that in external 
sources have been coupled not only to <3>( fc )(</>) and V^ k \c, 0), but also to the 
operators d ai ..d a __ 1 7- , ^(c, (f>). The ghost equation reads (see Appendix) 

T as L = A a , (3.21) 




and A a is a classical breaking, linear in the quantum fields, given by 

A a = J (fx rVV + aT- a2k - 3 d a d ai .^ 2k _ z vA , (3.23) 
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indeed, the operator d a d ai ..d a2k3 V^ k >(c,(j)) is independent from the field (ft, 
and it is linear in the ghost field c. 

Once observed that both the ST identity fl3.18Q and the ghost equation ( |3.21| ), 
being anomaly-free, can safely be extended to the quantum level [|l^] 

S(T) 





A" 



(3.24) 



where V is the 1PI generating functional T = S + 0(h), we are able to prove 
our main result, i.e. that the quantum insertions Tr cf) k ■ V = Tr cf) k + 0(h) 
have vanishing anomalous dimensions, namely satisfy the Callan-Symanzik 
(CS) equation 



C 







(3.25) 



(3.26) 



Tr <p k (x) ■ T 

where C is the CS operator 

dfi y dg 
satisfying 

CT = . (3.27) 

In ( |3.26|) , (3 g is the /3-function of the gauge coupling constant g, "f v is the 
anomalous dimension of the generic field tp, the operator J\f v is the counting 
operator Tr J cthuLp-^, and [i is the renormalization scale. 

Let us take the derivative of the quantum ST identity ( |3.18| ) with respect to 
the external source tt2fc-i, coupled in fl3T7|) to V {k) (c,0) 

5 



5a 



-S(T) 



2k-l 







(3.28) 



o=0 



where we put to zero the set of external sources a appearing in Sk ( |3.17|) . 
From the expression of the ST operator, Eq. ( [3.28D writes 



ST 



5a 



2k-l 



5T 



a=0 



5a$ 



(3.29) 



a=0 



The operator br appearing in the above equation is the (off-shell nilpotent) 
linearized quantum ST operator 




5T 5 5T 5 
+ 



5ip* 5ip 5ip 5ip* 



+ c- 



5£ N 



(3.30) 



+«2fc-l 



p=2 2 



2fc-p-l 



c- ai..a„_i 
° a 2k-p 



and it can be recognized as the quantum functional translation of the opera- 
tor Q. The relation ( |3.29|) is the quantum extension of the classical one 
between the composite operators Tr <\> k and (c, <p) : 



D 



■ r 



(3.31) 
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Owing to the ghost equation (|3.21 ), the quantum insertion p( fc )(c, (f) ■ T has 
vanishing anomalous dimension, since the undifferentiated ghost field c does 
not get quantum corrections 

C(P (fc) (c,0)-r) =0 . (3.32) 

Now, since the CS operator commutes with the linearized quantum ST op- 
erator br 

[C,6r]=0, (3.33) 

from Eq. fl3.32|) and Eq. ( [3.331 ) we derive our result ( |3.25|) : the composite 

operators Tr fc are finite to all orders of perturbation theory. This result 

/j 

can be trivially extended to the class of operators Tr . 

We would like to stress once again that the presence of matter does not al- 
ter in any way our result ( |3.25| ). Indeed, we needed only to consider the 
symmetry transformations (|3.4j ) of the scalar field of the Af = 2 gauge su- 
permultiplet and of the Faddeev-Popov ghost field c. These transformations 
are not altered by the presence of matter fields, hence the matter sector is 
completely decoupled in our proof of existence of protected operators. Under 
this respect, matter is only an avoidable graphical charge, which we preferred 
to omit. The class of protected operators discussed in this paper refers there- 
fore to Af = 2 SYM theories coupled to matter in an arbitrary representation 
of the gauge group, hence to Af = 4 theory as well, since for the particular 
choice of matter in the adjoint representation, Af = 4 SYM is recovered from 
the Af = 2 case. 



4 Conclusions 

We have shown the vanishing to all orders of the perturbative expansion of 
the anomalous dimension of local single and multi-trace composite operators 
of scalar fields in theories with Af = 2 supersymmetry. Although the proof 
has been given explicitly for the pure gauge case, it holds unaltered for Af = 2 
SYM coupled to matter belonging to a generic representation of the gauge 
group G, hence in particular it remains valid for the Af = 4 case, obtained 
by putting matter multiplets in the adjoint representation of G. Nonrenor- 
malization properties of these operators can be better displayed using the 
twisted formulation of the theory, where they have a nice geometrical inter- 
pretation as components of the Chern classes of a suitable universal bundle 



1 23 1 . The study of correlation functions of such operators play a relevant role 
in tests of the AdS/CFT correspondence || [J. In addition, it recently led to 
conjecture the existence of a new class of gauge invariant operators which are 
protected despite they do not obey any of the known shortening conditions 

We stress that our analysis does not rely on the superconformal algebra. 
It would then be interesting to extend it to the above mentioned operators. 
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Moreover, the approach we followed can be applied also to nonconformal M = 
2 theories which have been recently considered in extensions of the AdS / CFT 
duality JT^, [L3|]. Even if a precise map between bulk supergravity fields 
and boundary gauge-invariant field theory operators, as that of the M = 4 
superconformal theory, is not presently known for these cases, the appearance 
of protected operators in theories with a nontrivial renormalization group 
flow is a very interesting feature by itself, and could motivate further analysis 
on the correlation functions of these operators. 
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A $W(<£) = QV {k \c, 

and c and the parameter u are assigned the following quantum 



The fields 
numbers 





4> 


c 


UJ 


dim . 


1 





-1/2 


1Z— charge 


2 





-1 


$11— charge 





1 


1 


n + $n 


2 


1 






(a.i; 



Therefore the most general expression for & k \<p) = D ai " ak <f) a K.<f) ah having 
homogeneous 1Z + $11 quantum number is the following 



D 



ax..a k ±ai 



Q 



D 



a\..a k 



fe-1 

E 

p=0 



6 k) c ai sc a2 ..sc ak - 



k a k-p+l 



k*-'k 



(A.2) 



In (|A.2 ), the coefficients f( k > depend on the global ghost uj appearing in the 
definition of the symmetry operator Q = s + u5 ( ft.ip . The first term of the 
sum (|A.2|) is proportional to D ai - ak c ai sc a2 ..sc ak , which is the c( 2k ~^ cocycle, 
belonging to the cohomology of the BRS operator [24|, and known to be 
finite to all orders of perturbation theory pT]]. The properties of the invari- 
ant polynomials $( fc )(0) are mostly determined by the relationship existing 
between them and the BRS cocycles c( 2fe ~ 1 - ) . 

Our first goal is to find the explicit expression for the coefficients in ([A. 2 ) . 
In order to obtain it, let us observe that 



Qsc a = u 2 s(j) a , 



(A.3) 
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and that 



D ai..an c ai sc a 2 _ _ sc a m ,a m+1 s< £«» 



n — m 



-D ai - an sc ai ..sc am 6 am+1 ..(j) a " 



(A.4) 

Eq. ( |A.4| ) is a consequence of the nilpotency of the BRS operator s and of 
the fact that the completely symmetric rank— A; tensor D ai " ak is invariant, 
hence it satisfies the Jacoby-like identity 

jjpia 2 ..a k ypigai _|_ £)a 1 p 2 a3--ife jV2qa-2 _|_ _|_ Jja l ..a k _ 1 p k jp k qa k _ g (A 5) 



Performing the Q-variation in ( |A.2|) and exploiting the identities ( |A.3|) , 
(TA~|), we get 



D 



o-l--a k ±a 1 ±a k 



fe-1 

_ Jjai--ak sc ai sc a k-v (j) a k-p+l (jf-k 
p=l 

k-2 / 9h \ 

CO ,., 2 n a i-- a ft^ a i ^ a fe 



Hence, reorganizing terms, we have 
D ai - ak (p ai .4 ak = -f { k k } 1 uj 2 D ai - ak (p ai ..(p ak 

k-l 



(A.6) 



+ £ D ai - afc sc ai ..sc afe -f0 afc -f +1 ..0 afc 

p=l 



2 A; 



CO _ ^(fc) 



We must therefore impose 



,(fc) 



f (k) 

J V 



Eqs (|A.7|) and ( |A.8|) can be solved by a closed formula 



(A.7) 
(A.8) 

(A.9) 



as can be verified by induction. This proves the relations ( p. 7] ) and ( |3.9| ). 

For future reference, it may be useful to write (|3.7| ) for the lowest val- 
ues k = 2,3, 4. 

For k = 2, the invariant tensor D a6 is just the Kronecker delta 5 ab , and 
from ( |3T7| ) and ( |3.9| ) we immediately get 

= Q (/ (2) c a sc a + A (2) c a a ) 
= Q 



1 c a sc a -ic> a 



3w 4 



to 



(A.10) 
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For k = 3, there is only one completely symmetric tensor D abc = d abc , and 

d abc <f) a <f) b <f) c = Qd abc (ri 3) c a sc b sc c + ff ) c a sc b <f) c + ti 3) c a <p b <j) c ) {A.ll) 

= Qd abc ( l —c a sc h sc c + — A c a sc b <p - -^c a <j) b ^ 

\ 10cu b 2a; 4 or 

For k — 4, there are more than one symmetric tensors D abcd 

D abcd <p a <p b <p c <p d = QD abcd (ti 4) c a sc b sc c sc d + f[ 4) c a sc b sc c (t) d 

+ / 2 ( VscW + fc^Vy) (A.12) 



QD abcd | 1 c a sc 6 sc c sc d _ J_ tf^^d 

,35ur our 



+ —rC a SC b (j) C (j) d - ArC a b C d 

5u; 4 ur 



B The Slavnov— Taylor identity 

Our task is to extend the action of Q on the set of external a-sources intro- 
duced in 



Ok — U 



. I 2k-2 \ 

J d\ J a $ (fc) + u 2 k-{P {k) + J2 "a-r'^i-Vi^ 1 ) » (B-l) 



by demanding 

2 4 = 0. (B.2) 

We have 



QS k = u 2k J #x {(Qa )$ (fc) 

+ £ [(Qa^n^.-V^ (B.3) 
P =i 

+(-i) 2fe -^rr 1 (Q^ 1 ..v^ (fc) : 



where we taked into account the Q-invariance of the polynomials $( fc )((/>) 
and the statistics of the a-sources, given by (— l) 2k ~ p . 

In order to evaluate ( p.3j ), we observe that the anticommutator between the 



derivative with respect to the ghost field c (d a ) and the symmetry operator Q, 
gives the generators of the rigid gauge transformations 7i a 

{d a , Q} X b = -H a X b = -f abc X c , (B.4) 

where X a is a generic function of the fields <fi and c and belongs to the adjoint 
representation of the gauge group. From the obvious relations 

H a & k \<p) = H a V {k \c, <P) = d a QV {k \c, <P) = , (B.5) 
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we derive 

Qd a V {k) = (B.6) 

and, in general, 

a a ^Qd ai ..d am V {k) = (-l) m+1 m(m 2 " 1) f ltt %-^^ W « fll - flm • 

(B.7) 

Hence (]B.3|) writes 

(*) 

2fc-2 



2fc-2 



p=l 



+ iP 1} 2 (P ^ aS^ 1 / aiaag O a ,..Vi^ W ]} (B.8) 

/ t& {(Qa )$ W - a 2fc -i$ W + (Qa 2fc -i)^ (fc) 
+(Q^ 1 - a2fe - 3 )^ 1 ..a a2fc _ 3 P( fe ) 



+ E 

p=2 



'n^, ai " a f- 1 ^ _l_ j_^f_ y rsai..a p -2 nrsa p -i 
M a 2k~p ) "I ^ a 2fc-p-l / 



In order that the whole expression QS^ vanish, by identifying terms contain- 
ing equal number of ghost fields c, we have 

Qa = a 2 k-i (B.9) 
Qa a 2 1 - a2k - 3 = (B.10) 
Qa 2k -i = 0, (B.ll) 

and 

Qp&Z- 1 = -^Y^r^lt^lT 2 2<p<2k-3. (B.12) 
Hence, the implementation of the ST identity to the a-sector is given by 

(B.13) 

which coincides with (|3 . 20| ) . 



C The Ghost Equation 

To extend the ghost equation, let us take the functional derivative with 
respect to ghost field c of the action functional Sk 

2k-2 

P =i 
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2fc-3 sy . 

p=l 0a 2k-p-l J 



Notice that, according to the expression (|3.7|) , the maximum number of 
ghosts c present in V^ k \c, 0) is 2k — 1, in the term c^ 2fc_1 \ whereas the max- 
imum number of its ghost derivatives in the last term at the r.h.s of (|C . 1|) 



is 2k — 2, hence this term is linear in c and independent from 0, i.e. it 
represents a classical breaking. 

Therefore, the complete ghost equation reads 

T a Y> = A a , (C.2) 

where 

P =i 

and A a is the classical breaking given by 

>(*) 



A a = Jd A x lE/Y^ + ar*" 3 ^^,.^^' 



(C.4) 
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